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Abstract
This paper is concerned with the Dirichlet problem for second-order elliptic equations
in nondivergence form with discontinuous coefficients in an unbounded open subset Ω
ofRn, n 3. An our recent a priori estimate combined with the Fredholm index theory and
a generalized method of continuity allows us to establish some unique solvability results
for the given problem.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Let us consider an unbounded sufficiently regular open subset Ω of Rn, n 3,
and the uniformly elliptic differential operator
L :=−
n∑
i,j=1
aij (x)
∂2
∂xi∂xj
+
n∑
i=1
ai(x)
∂
∂xi
+ a(x) a.e. in Ω. (1.1)
Let us make the following assumptions on its coefficients:
aij = a′ij + a′′ij , i, j = 1, . . . , n, (1.2)
a′ij = a′ji ∈ L∞(Ω)∩C0(Ω), (1.3)
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a′′ij = a′′ji ∈L∞(Ω),
(
a′′ij
)
xh
∈ M˜s,n−sloc (Ω), h= 1, . . . , n, (1.4)
where s ∈ ]2, n] and M˜s,n−sloc (Ω) is a space of Morrey type defined in Section 2.
Moreover, we require that the leading coefficients aij satisfy a suitable
condition at infinity, while the lower-order terms ai and a belong to some spaces
of Morrey type (see (3.2)–(3.4) below).
Then we consider the Dirichlet problem
(D) u ∈W 2(Ω)∩ ◦W 1(Ω), Lu+ λβg−1u= f, f ∈ L2(Ω),
where λ  0, g is a bounded function with ess infx∈Ω g > 0 which occurs in
the condition at infinity on the aij , and β is a positive function satisfying the
assumption (3.5) in Section 3.
In a recent paper [4], we have proved that there exist c0, λ0 ∈R+ such that
‖u‖W 2(Ω)  c0|Lu+ λβg−1u|2,Ω
∀u ∈W 2(Ω)∩ ◦W 1(Ω), ∀λ λ0, (1.5)
determining all the quantities which the constants c0 and λ0 depend on.
Using this result and pointing out that the classical method of extension by
continuity along a parameter also works in a more general form (see Lemma 4.3
below), we succeed in proving that problem (D) is uniquely solvable for suf-
ficiently large λ and it is a zero index problem when λ= 0.
Hence, applying a uniqueness result proved in [17], we conclude that (D) is
uniquely solvable for λ= 0 as well.
We stress that results of this type are also established in [2,3,13,14], but under
heavily stronger assumptions. In fact, limiting oneself just to the hypotheses on
the leading coefficients aij , one can see that in [13] it is assumed that (aij )xh
belong to Lnloc(Ω) and satisfy a suitable condition at infinity stronger than our
one, in [14] the a′ij are uniformly continuous and (a′ij )xh belong to Lnloc(Ω), with
assumptions at infinity still stronger than our ones, and in [2,3] the (aij )xh belong
to M˜s,n−sloc (Ω), s ∈ ]2, n], with a behaviour at infinity more restrictive than our
one.
On the other hand, results similar to those stated below are in [1] and [5], where
the leading coefficients aij are “near” to some functions eij which have weak first
derivatives in the space of Morrey type M˜s,n−sloc (Ω), s ∈ ]2, n], and the aij and eij
both have a suitable behaviour at infinity.
We like to observe that, as regards the case Ω bounded, the Dirichlet problem
for a uniformly elliptic operator with coefficients “much less regular” is nowadays
a classical problem, studied by several authors. Among the most general assump-
tions on the leading coefficients one has to refer the reader to the papers [9,10],
where the aij are VMO.
We conclude stressing that, since we deal with an unbounded open set, our
coefficients are not necessarily VMO in Ω .
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2. Notations and function spaces
Throughout this paper we use the following basic notations: E, a generic
Lebesgue measurable subset of Rn; Σ(E), the Lebesgue σ -algebra on E; |A|, the
Lebesgue measure of A ∈Σ(E); χA, the characteristic function of A; D(A), the
class of restrictions to A of functions ζ ∈ C∞0 (Rn) with suppζ ∩A⊂A; Lploc(A),
the class of functions g, defined on A, such that ζg ∈ Lp(A) for all ζ ∈ D(A);
|g|p,A, the Lp(A)-norm of g; B(x, r), the open ball of radius r centered at x and
Br := B(0, r); Ω , an unbounded open subset of Rn and D(x, r) :=D ∩ B(x, r)
for every D ∈Σ(Ω).
Let us now recall the definitions of the function spaces we deal with.
We let Mp,λ(Ω), p ∈ [1,+∞[ , λ ∈ [0, n[ , denote the set of functions g in
L
p
loc(Ω) having
‖g‖Mp,λ(Ω) := sup
r∈ ]0,1]
x∈Ω
r−λ/p|g|p,Ω(x,r) <+∞, (2.1)
endowed with the norm defined in (2.1). Then M˜p,λ(Ω) (respectively, Mp,λ0 (Ω))
is defined as the closure of L∞(Ω) (respectively, C∞0 (Ω)) in Mp,λ(Ω). In
particular, Mp(Ω) :=Mp,0(Ω), M˜p(Ω) := M˜p,0(Ω) and Mp0 (Ω) :=Mp,00 (Ω).
Moreover, M˜p,λloc (Ω) denotes the set of functions g :Ω → R such that ζg ∈
M˜p,λ(Ω) for all ζ ∈D(Ω) and W 1M˜p,λloc (Ω) is the set of distributions u :Ω→R
such that u, uxi ∈ M˜p,λloc (Ω), i = 1, . . . , n.
In the sequel, for a fixed s ∈ ]2, n], we mean by ◦En(µ,Ω), µ > 0, the
collection of all (n × n)-matrices (eij )i,j=1,...,n such that eij = eji ∈ L∞(Ω),∑n
i,j=1 eij (x)ξiξj  µ|ξ |2 a.e. in Ω and ∀ξ ∈ Rn, (eij )xh ∈ Ms,n−s0 (Ω), h =
1, . . . , n, and by G(Ω) the set of functions g ∈L∞(Ω) with ess infΩ g > 0.
If Ω verifies a condition “like Campanato,” more precisely,
AC := sup
x∈Ω
r∈ ]0,1]
|B(x, r)|
|Ω(x, r)| <+∞, (2.2)
it is possible to introduce the function spaces BMO(Ω, t), t ∈R+, and VMO(Ω),
defined as follows.
For each t ∈R+,
BMO(Ω, t) :=
{
g ∈L1loc(Ω): [g]BMO(Ω,t) := sup
x∈Ω
r∈ ]0,t ]
1
|Ω(x, r)|
×
∫
Ω(x,r)
|g− gΩ(x,r)|<+∞
}
,
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where
gΩ(x,r) := 1|Ω(x, r)|
∫
Ω(x,r)
g.
As in [16], we write
BMO(Ω) := BMO(Ω, tAC ),
where
tAC := sup
t∈R+
{
sup
x∈Ω
r∈ ]0,t ]
|B(x, r)|
|Ω(x, r)| AC
}
,
and define
VMO(Ω) := {g ∈ BMO(Ω): [g]BMO(Ω,t)→ 0 as t → 0+}.
If g ∈ VMO(Ω), we say modulus of continuity of g a function η[g] : ]0,1]→
R+ such that
[g]BMO(Ω,t)  η[g](t) ∀t ∈ ]0,1], η[g](t)→ 0 as t → 0+.
In a similar way it can be defined also the modulus of continuity of a function g
in M˜p,λ(Ω) or in Mp,λ0 (Ω). To this aim, it is useful to take into account that for
a function g ∈Mp,λ(Ω), set
pg(t) := sup
E∈Σ(Ω)
supx∈Ω |E(x,1)|t
‖χEg‖Mp,λ(Ω),
the following characterizations hold:
g ∈ M˜p,λ(Ω) ⇔ lim
t→0+
pg(t)= 0, (2.3)
g ∈Mp,λ0 (Ω) ⇔ limr→+∞pg
(
1
r
)
+ ∥∥(1− ζr )g∥∥Mp,λ(Ω) = 0, (2.4)
where ζr , r ∈R+, is a function in C∞0 (Rn) such that
0 ζr  1, ζr |Br = 1, supp ζr ⊂ B2r .
In fact, one defines modulus of continuity of g, g ∈ M˜p,λ(Ω), a function
σ˜ : ]0,1]→R+ such that
pg(t) σ˜ (t) ∀t ∈ ]0,1], lim
t→0+
σ˜ (t)= 0,
and modulus of continuity of g, g ∈Mp,λ0 (Ω), a function σ0 : ]0,1] → R+ such
that
pg(t)+
∥∥(1− ζ1/t )g∥∥Mp,λ(Ω)  σ0(t) ∀t ∈ ]0,1], lim
t→0+
σ0(t)= 0.
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Finally, we point out that (2.2) holds for Ω whenever it is uniformly C1,1 and
we refer to [7,15,16] for a more detailed discussion about the function spaces
recalled before.
3. Assumptions
Let Ω be an unbounded open subset of Rn, n 3, satisfying the uniform C1,1-
regularity property (see, for instance, [4]).
Here we consider the differential operator
L :=−
n∑
i,j=1
aij
∂2
∂xi∂xj
+
n∑
i=1
ai
∂
∂xi
+ a (3.1)
making the following assumptions on its coefficients:
aij = a′ij + a′′ij , i, j = 1, . . . , n,
a′ij = a′ji ∈L∞(Ω)∩C0(Ω),
a′′ij = a′′ji ∈L∞(Ω)∩W 1M˜s,n−sloc (Ω),
∃ν > 0: ∑ni,j=1 aij (x)ξiξj  ν|ξ |2 a.e. in Ω, ∀ξ ∈Rn,
∃µ> 0, (eij )i,j=1,...,n ∈
◦
En(µ,Ω), g ∈ G(Ω):
lim|x|→+∞
∑n
i,j=1(eij − gaij )2 = 0,
(3.2)
ai ∈Ms,n−s0 (Ω), i = 1, . . . , n, (3.3)
a = a′ + b, a′ ∈Mq0 (Ω), b ∈ G(Ω), (3.4)
with s ∈ ]2, n], q = 2 if n= 3, q > 2 if n= 4 and q = n/2 if n > 4.
In the sequel, we set
E := −
n∑
i,j=1
eij
∂2
∂xi∂xj
.
We also deal with a function β :Ω→R+ such that{
β ∈Mq(Ω)∩L∞loc(Ω), β−1 ∈L∞loc(Ω),
∃γ ∈Ms,n−s0 (Ω): βx :=
(∑n
i=1 β2xi
)1/2  βγ, (3.5)
where q and s are as before.
Let us remark that, if (3.2)–(3.5) are fulfilled, for each λ ∈R, the operator L+
λβI mapsW 2(Ω) in L2(Ω) and is bounded (see, for instance, [15, Theorem 3.3]).
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4. Tools
We begin this section stating a result of an our previous paper [4, Corol-
lary 5.2], which is the most important tool for the proof of the existence results
stated below.
Lemma 4.1. Under conditions (3.2)–(3.5), once fixed r0 ∈R+, there exist r1 > r0,
c0, λ0 ∈R+ such that
‖u‖W 2(Ω)  c0|Lu+ λβg−1u|2,Ω
∀u ∈W 2(Ω)∩ ◦W 1(Ω), ∀λ λ0, (4.1)
where c0 and λ0 depend on n, Ω , |a′ij |∞,Ω , |a′′ij |∞,Ω , |eij |∞,Ω , ν, µ, r1, χr1[a′ij ],
η[(1 − ζr0)eij ], s, σ0[(eij )x], σ0[γ ], |g|∞,Ω , |g−1|∞,Ω , |b|∞,Ω , |b−1|∞,Ω ,|β|∞,Ω∩Br1 , |β−1|∞,Ω∩Br1 , σ˜ [ζr1(a′′ij )x], σ0[ai], q , σ0[a′], ‖ai‖Ms,n−s (Ω) and‖a‖Mq(Ω). Here χr1[a′ij ] is a modulus of continuity of ζr1 a˙′ij and a˙′ij is a con-
tinuous and bounded extension of a′ij to Rn such that |a˙′ij |∞,Rn = |a′ij |∞,Ω .
The following lemma is a special case of Corollary 4 in [17]. It will be needed
in the last part of the proof of Theorem 5.2.
Lemma 4.2. Suppose that conditions (3.2)–(3.4) hold, ai ∈Mn(Ω) and a′ = 0. If
u is a solution of the problem
(D1) u ∈W 2,n(Ω)∩
◦
W
1(Ω), Lu= 0 in Ω,
then u= 0 in Ω .
Now, as mentioned in Section 1, we show that the classical method of extension
by continuity along a parameter (see, for instance, [11, Theorem 5.2]) also works
in a more general form, which we are going to use in the next section.
Lemma 4.3. Let X be a Banach space, Y a normed linear space and let F0, F1
and St , t ∈ [0,1], be bounded linear operators from X in Y . Set, for each t ∈
[0,1],
Gt := (1− t)F0 + tF1 + St .
If there exist a constant c ∈R+ such that
‖x‖X  c‖Gtx‖Y , ‖Ss − St‖B(X,Y )  c|s − t|
∀x ∈X, ∀s, t ∈ [0,1],
and a s˜ ∈ [0,1] such that Gs˜ maps X onto Y , then Gt is surjective for every
t ∈ [0,1].
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Proof. Observe that the operator Gt , t ∈ [0,1], is surjective if and only if, for any
y in Y , the function
Tt :w ∈X →G−1s˜ (y)+G−1s˜ (Ss˜ − St )(w)+ (s˜ − t)G−1s˜ (F1 − F0)(w)
admits a unique fixed point in X. Therefore, by the contraction mapping principle,
it is enough to prove that Tt , t ∈ [0,1], is a contraction. In fact, it follows from the
hypotheses that
‖Ttv− Ttw‖X

∥∥G−1
s˜
(Ss˜ − St )(v −w)
∥∥
X
+ |s˜ − t|∥∥G−1
s˜
(F1 − F0)(v −w)
∥∥
X
 c
(∥∥(Ss˜ − St )(v −w)∥∥Y + |s˜ − t|∥∥(F1 −F0)(v−w)∥∥Y )
 c
(
c+‖F0‖B(X,Y ) + ‖F1‖B(X,Y )
)|s˜ − t| ‖v −w‖X, ∀v,w ∈X.
Thus Tt is a contraction for every t ∈ [0,1] such that
|s˜ − t|< δ := (c(c+‖F0‖B(X,Y ) + ‖F1‖B(X,Y )))−1.
Dividing now the interval [0,1] into subintervals of fixed length less than δ, an
iterated application of the above argument shows that Tt is a contraction for all
t ∈ [0,1]. The lemma is proved. ✷
We end this section establishing a lemma useful in what follows as well; it
extends a result already known for Ω uniformly C2 (see [2, Theorem 6.2]) to the
case Ω just uniformly C1,1. We stress that our proof is based on different tools
and does not make use of the just quoted result.
Lemma 4.4. The problem
(D2) u ∈W 2(Ω)∩
◦
W
1(Ω), Eu+ eu= f, f ∈L2(Ω),
where e ∈ G(Ω), is uniquely solvable.
Proof. It is well known (see, for instance, [12]) that there exists a unique weak
solution u ∈ ◦W 1(Ω) of
−∆u+ u= f, f ∈L2(Ω).
By known local regularity results for weak solutions of elliptic equations
(see [11, proof of Theorem 9.13]) it turns out that u belongs to W 2loc(Ω). Thus,
applying Theorem 5.1 in [6], one has that u is a solution of
u ∈W 2(Ω)∩ ◦W 1(Ω), −∆u+ u= f, f ∈ L2(Ω). (4.2)
On the other hand, for an arbitrary fixed β˜0 :Ω → R+ satisfying (3.5) with
q = 2 if n = 3 and q > n/2 if n  4 and in Mq0 (Ω) as well, the compactness
(see [13]) of the multiplication operator
u ∈W 2(Ω) → λβ˜0u ∈L2(Ω)
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together with the uniqueness theorem in [8] guarantees that for every λ  0 the
problem
u ∈W 2(Ω)∩ ◦W 1(Ω), −∆u+ (1+ λβ˜0)u= f, f ∈ L2(Ω), (4.3)
is uniquely solvable.
Defined
Eτ := τ (−∆+ I)+ (1− τ )(E + eI), τ ∈ [0,1],
from Lemma 4.1 it follows that there exist c˜, λ˜0 ∈R+ such that
‖u‖W 2(Ω)  c˜
∣∣Eτu+ λβ˜0u∣∣2,Ω
∀u ∈W 2(Ω)∩ ◦W 1(Ω), ∀λ λ˜0, ∀τ ∈ [0,1].
Thus, applying the classical form of previous lemma, one can state an existence
and uniqueness result for the problem
u ∈W 2(Ω)∩ ◦W 1(Ω), Eu+ eu+ λβ˜0u= f, f ∈ L2(Ω), (4.4)
for every λ λ˜0.
Hence, taking in account Lemmas 4.1 and 4.2 in [4] and applying the
uniqueness result in [8] to the operator E + eI , one completes the proof. ✷
5. Existence results
Now we are able to prove the existence theorems.
Theorem 5.1. Assume (3.2)–(3.5) and further β ∈ L∞(Ω). Then there exists
λ1 ∈R+ such that for every λ λ1 the problem
(D) u ∈W 2(Ω)∩ ◦W 1(Ω), Lu+ λβg−1u= f, f ∈ L2(Ω),
is uniquely solvable.
Proof. For every τ ∈ [0,1], set
Lτ =: (1− τ )(E + bI)+ τL
and
gτ :=
∑n
i,j=1 eij [(1− τ )eij + τaij ]∑n
i,j=1[(1− τ )eij + τaij ]2
.
For every τ ∈ [0,1], gτ belongs to G(Ω) and one can prove that
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n∑
i,j=1
{
eij − gτ
[
(1− τ )eij + τaij
]}2  n∑
i,j=1
(eij − g1aij )2

n∑
i,j=1
(eij − gaij )2 a.e. in Ω, ∀g ∈ G(Ω).
So, from (3.2), one has
lim|x|→+∞
n∑
i,j=1
{
eij − gτ
[
(1− τ )eij + τaij
]}2 = 0, τ ∈ [0,1].
This implies that the coefficients of the operator Lτ satisfy the assumptions
(3.2)–(3.4). So, from Lemma 4.1, it follows that there exist c1, λ1 ∈R+ such that
‖u‖W 2(Ω)  c1
∣∣Lτu+ λβg−1τ u∣∣2,Ω
∀u ∈W 2(Ω)∩ ◦W 1(Ω), ∀λ λ1, ∀τ ∈ [0,1]. (5.1)
From the assumptions on β and Lemma 4.4, one states that the problem
u ∈W 2(Ω)∩ ◦W 1(Ω), Eu+ (b+ λβ)u= f, f ∈ L2(Ω),
is uniquely solvable for every λ 0.
Since the function λβg−1τ is Lipschitz with respect to τ , applying Lemma 4.3
to the operator
L˜τ := Lτ + λβg−1τ I = (1− τ )(E + bI)+ τL+ λβg−1τ I,
where λ λ1 and τ ∈ [0,1], one completes the proof with g1 = g in (3.2). ✷
Theorem 5.2. If (3.2)–(3.4) hold and, moreover, ai ∈ M˜n,θ (Ω), for some θ ∈
]0, n[ , and a′ = 0, then the Dirichlet problem
(DL) u ∈W 2(Ω)∩
◦
W 1(Ω), Lu= f, f ∈ L2(Ω),
is uniquely solvable.
Proof. Let us fix a function β˜ belonging to Mq0 (Ω) and satisfying the same con-
ditions of the function β in Theorem 5.1 before as well. From the first assumption
on β˜ one has that the multiplication operator
u ∈W 2(Ω) → λβ˜g−1u ∈ L2(Ω)
is compact for every λ ∈ R+ (see [13]), so, from well-known results and the
previous theorem, one states that (DL) is a zero index problem.
Since the aij are locally VMO(Ω) (see [4, Lemma 4.2]), from Theorem 5.1
in [6] (examine the proof), one deduces that if u is a solution of the problem
u ∈W 2(Ω)∩ ◦W 1(Ω), Lu= 0,
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then u belongs to W 2,n(Ω). As M˜n,θ (Ω) is contained in Mn(Ω) (see [15]), ap-
plication of Lemma 4.2 yields that u= 0.
Thus one states the uniqueness for the problem (DL) and therefore the exis-
tence result, since we have already observed that (DL) is a zero index problem.✷
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